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Jackson's theorem [GR, p. 35, eq. (2.6.2)], and (b) is a special case of Watson's 
q-analog of Whipple's theorem ([GR, p. 35, eq. (2.5.1)], see also [A2,p. 118, eq. 
(4.311.) The discovery of (b) was motivated by [Sll and [S2]. 

We see fairly clearly how to do the Zsquare theorem (a different instance of 
Jackson's theorem replaces (a)); however the theorems for 6 and 8 squares 
apparently require (using this approach) some instance of the ,q6 summation 
theorem [GR, p. 128, (5.3.1)] (see [Al, pp. 461-4651 for details). Since we do not 
know a finitary analog of the ,q6 summation, the question of a similar result for 6 
and 8 squares is of interest. 

ACKNOWLEDGMENT. The referee made several helpful comments. 

REFERENCES 

[All G. E. Andrews, Applications of basic hypergeometric functions, S U M  Rev. 16 (19741, 441-484. 
[A21 G. E. Andrews, The fifth and seventh order mock theta functions, Trans. Amer. Math. Soc., 293 

(1986), 113-134. 
[GR] G. Gasper and M. Rahman, Basic hypergeometric series, Cambridge University Press, 1990. 
[GI E. Grosswald, Representations of integers as sums of squares, Springer, New York, 1985. 
[J] 	 C. G. J. Jacobi, Note sur la dBcomposition d'un nombre donnC en quatre carreks, J. Reine 

Angew. Math. 3 (18281, 191. Werke, vol. I, 247. 
[L] J. L. Lagrange, Nouveau MBm. Acad. Roy. Sci. Berlin (17721, 123-133; Oevres, vol. 3, 189-201. 

[Sl] D. Shanks, A short proof of an identity of Euler, Proc. Amer. Math. Soc., 2 (19511, 747-749. 

[S2] D. Shanks, Two theorems of Gauss, Pacific. J .  Math., 8 (19581, 609-612. 

[WZ] H. S. Wilf and D. Zeilberger, An algorithmic proof theory for multisum/integral (ordinary and 


"q") hypergeometric identities, Invent. Math. 108 (19921, 575-633. 
[Z] 	 D. Zeilberger, The method of creative telescoping for q-series, in preparation. 

Andrews: Ekhad & Zeilberger: 
Department of Mathematics Department of Mathematics 
Pennsylvania State University Temple University 
University Park, PA 16182 Philadelphia, PA 19122 
andrews@cantor.rnath.psu.edu ekhad@euclid. math. temple. edu 

zeilberg@euclid,math. temple. edu 

An Elementary Proof of Hilbert's Inequality 

Krzysztof Oleszkiewicz 

SUMMARY. We present an elementary proof of Hilbert's inequality (1) and we 
give a simple example showing that the constant in (1) is optimal. Moreover, we 
give a (slightly less elementary) extension of (1). There are a lot of applications of 
Hilbert's inequality to the theory of analytic functions and to the theory of 
functions of a real variable; some of them can be found in Chapter IX and 
Appendix 3 of Hardy, Littlewood and Polya's Inequalities, Cambridge 1964. The 
original proof of the inequality, due to Hilbert, is also given in that book. 

Proposition 1 (Hilbert's inequality). If (a,) and (b,) are square summable se- 
quences of real numbers, then the double series C", n =  la,bn/(m + n) is convergent 
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-- 

and 

The inequality is strict unless one of the sequences (a,) or (b,) is identically zero. 
Moreover, n- is the best constant in (1). 

Proof of Proposition 1. We will use two lemmas. 

Lemma 1. For each positive number m, ~ : = , ( & / h ( m  + n ) )  < n-. 

Proof: Let us denote points (0,O) ,  (0,&), (&,h) = 0,1 ,2 , .  . . )by C ,  Y ,  X ,  ( n  
respectively. Let S be the area of the quadrant of the circle centred at C with 
radius 6from X ,  to Y .  Let us denote by Rn the intersection of the circle and 
the line CX,. Then let B, be the intersection of the line CX,-, and the vertical 
line containing the point R ,  (for n = 1,2,3, . . . ). Moreover, let S, denote the area 
of the sector R,-,CRn of the circle. (See picture 1.) 

Figure 1 

Denoting the area of the triangle KLM by S,,,, we find 
n-m m m 

4 - S =  C S,  > n = ln = l  C SAR,,CS, 



and therefore 

The generalization of Lemma 1will be given later, in Lemma 3. Now we will prove 
Hilbert's inequality. Writing 

and using Schwarz's inequality we find 

where Lemma 1was used. Obviously the last inequality is strict unless one of the 
sequences (a,) or (b,) is identically zero. Now we will prove that rr cannot be 
replaced by any smaller constant. 

Lemma 2. For each natural number m > 1 

Proof: Let us denote by A,  the intersection of the line CX,+, and the line RnB, 
(for n = 0,1,. . . ,m - 1). Let St be the area of the sector X,CX, of the circle. 
(See picture 2.) Then clearly 

Thus 
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Figure 2 

To prove that ' ~ i - is the best constant in Hilbert's inequality we will consider 
sequences a, = b, = 1 / f i  for 1 Ik ,  a, = b, = 0 or 1 > k ,  where k is a natural 
number. Then 

2 
(by Lemma 2) 

m=2 

and therefore 
m 

ambn " 1
T + 4  C -

m,n=l  m = l  k + m  

k 1 
-'Ti-. 

m = 1 n=l  m = l  

Hence ' ~ i -is the optimal constant in Hilbert's inequality. The proof of Proposition 1 
is now complete. 

Now we will generalize Lemma 1. 

Lemma 3. For each positive number rn and real number p > 1 
m m l / ~  'Ti-

<-.-'nl /P(m + n )  sin -n = 1 
P 



Proof: We can estimate 

(-1)" (-1)" 'IT 
--= z r + p +  z r - 'IT 

n = l  - - n n = l - + .  sin-
P P P 

To prove the last equality one can show that 

is an entire and bounded holomorphic function (we put ~ ( z )= 0 when z is an 
integer) and therefore (by Liouville's theorem) it is identically zero. For z = l/p 
we obtain the desired equality. There is also another way to prove Lemma 3-the 
integral 1," dt/t1lp(l + t) can be done by contour integration (see chapter 3.6, the 
fourth type of integrals, H. Cartan Thkorie klkmentaire des fonctions analytiques 
d'une ou plusieurs variables complexes, Hermann, Paris, 1961). 

Therefore, using similar reasoning we can extend Proposition 1as follows. 

Proposition 2. For p, q > 1 such that 1/p + l/q = 1 and sequences of non-nega-
tiue numbers (am),(b,) such that C",lag, C;=,b,4 are convergent 

The proof is essentially as above (we use Holder's inequality instead of Schwarz's 
inequality). The constant in (2) is also optimal. 

This note grew out of useful discussion with Pawel Strzelecki, to whom I am greatly indebted. I 
would like to thank Jan Herczydski and Michai Wojciechowski for their help in preparing this text. 
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